Abstract. We consider an upwinding covolume or control-volume method for a system of first order PDEs resulting from the mixed formulation of a convection-diffusion equation with a variable anisotropic diffusion tensor. The system can be used to model the steady state of the transport of a contaminant carried by a flow. We use the lowest order Raviart-Thomas space and show that the concentration and concentration flux both converge at one-half order provided that the exact flux is in H 1 (Ω) 2 and the exact concentration is in H 1 (Ω). Some numerical experiments illustrating the error behavior of the scheme are provided.
order is possible if the mesh subdivision allows for superconvergence. If one departs from the finite volume (covolume) methodology, i.e., allowing higher-order piecewise polynomial spaces similar to the mixed method, then a higher order of convergence is also possible. Those topics, however, are not central to the present paper. The focus here is the extension of the covolume methodology to the convection-diffusion problems that works in a convection-dominated limit. Another topic that we are not concerned with is a local refinement of meshes, an important task we shall pursue in a later paper.
Problem formulation.
Consider the convection-diffusion problem on an axiparallel rectangular (bounded) domain Ω ⊂ R 2 ,    −∇ · K∇p + ∇ · (bp) + αp = f in Ω, K∇p · n = 0 on Γ + = {x ∈ ∂Ω : b · n ≥ 0}, p = 0 on Γ − = {x ∈ ∂Ω : b · n < 0}.
(1.1)
One can instead have only Dirichlet boundary condition, i.e., p = 0 on ∂Ω. The latter boundary condition simplifies the exposition; hence in most of the technical part of the analysis, only the Dirichlet boundary condition will be assumed. Here
2 (x)) is a positive definite diagonal matrix function whose entries are bounded from below and above by positive constants. Furthermore, we shall assume that τ 1 , τ 2 are locally Lipschitz. The vector function b is in the Sobolev space [
(Ω) and α ∈ L ∞ (Ω). We impose the following two conditions so that (1.1) is convection-dominated and uniquely solvable.
(H1) There exist two positive constants 1 and 2 such that the two constants are small and proportional: Problem (1.1) can be used to model the steady state of the transport of a contaminant in a porous or anisotropic medium flow. The variable p stands for the concentration of the contaminant, and b stands for the velocity field of the flow carrying it. In this context, the molecular diffusion tensor K (assumed to be diagonal for simplicity) has less effect on the physics than the convection term b · ∇p, but the diffusion term contributes to the smoothness of the solution.
Let us introduce a new variable u = −K∇p and write (1.1) as the system of first order partial differential equations (PDEs), (1.5) together with the boundary conditions, u · n = 0 on Γ + = {x ∈ ∂Ω : b · n ≥ 0}, p = 0 on Γ − = {x ∈ ∂Ω : b · n < 0}. For ease of reference, we shall also refer to the variable u as the flux or velocity variable and p as the concentration variable. The main purpose of this new system is twofold. In the context of the mixed method we can then approximate both variables to the same order. While in the context of finite volume or difference methods, we can derive conservative schemes from these first order equations because one of them represents a conservation law and the other a constitutive law.
We shall need three domain partitions for the approximation problem. More specifically, let the domain Ω be partitioned (cf. Figure 1 ) into a union of rectangles Q i,j with centers c i,j . This is the primal partition which we shall call R h . The subindices {i + 1, j}, {i − 1, j}, {i, j + 1}, and {i, j − 1} are assigned to the eastern, western, northern, and southern adjacent rectangles, respectively, if they exist. Given Q i,j , the two midpoints of its vertical edges are denoted as c i±1/2,j , and the two midpoints of horizontal edges as c i,j±1/2 . Let c i,j = (x i , y j ) and c i+1/2,j = (x i+1/2 , y j ) etc., define 
, and also define
The associated weak formulation of our first order system is as follows.
where the bilinear form
Note that the first two terms on the right are a modification of the expression (div(bp), q), which does not make sense for nonsmooth p.
Define the trial space as the lowest order Raviart-Thomas space:
Then the natural (upwinding) mixed finite element method [20] corresponding to (1.8) deals with the primal grid only.
and p i h is the trace of p h on ∂Q taken from the interior of Q and p o h is that from the exterior of Q. Therefore, at the inflow boundary Γ − , p o h = 0 and hence in (1.11) integration over edges of ∂Q that intersect Γ − is not actually performed.
We will not use the finite element method (1.10) except in the error analysis. Downloaded 08/05/14 to 129.1.62.221. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 1.2. The construction of the covolume scheme. Since there are many existing hydrodynamic codes in either finite difference or finite volume methods, we are motivated to design and analyze a finite volume mixed method using the upwinding concept. We will adapt a covolume methodology for the generalized Stokes problem [7] to approximate this system. The basic idea of creating a covolume method is to find a good combination of the finite volume method and the marker and cell (MAC) [17] placements of flow variables. (A balanced survey of the covolume method literature up to 1995 is given by Nicolaides, Porsching, and Hall [21] .) For an analysis of the MAC scheme for Stokes problem (see Girault and Lopez [15] ). In the MAC scheme, the concentration variable is assigned to the centers of the rectangular volumes and the normal components of the velocity or fluxes are assigned to the edges of the rectangular volumes. The normal approximate velocity is assumed to be constant along any edge. There are several ways [4, 8, 9, 16, 23] to exactly or nearly accomplish this; here we will use the lowest order Raviart-Thomas space H h for the approximate velocity field [4, 10] . Note that within each Q i,j the horizontal component of the velocity is linear in x and constant in y, whereas the vertical component is linear in y and constant in x. Thus we have four degrees of freedom assigned at midpoints of edges. For example, on the eastern vertical edge of Q i,j , we have only one unknown; the accompanying equation is taken by integrating the first component of the vector equation (1.5) 1 over Q i+1/2,j . Similarly, to determine the unknown at the northern edge, we integrate (1.5) 2 over Q i,j+1/2 . In other words, if we write the velocity field as u h = (u h , v h ), then Q i,j+1/2 is for the determination of v h and Q i+1/2,j for u h . We will sometimes call Q i+1/2,j (Q i,j+1/2 ) as a u-volume (v-volume). These volumes are also called the covolumes of Q i,j in the literature.
Throughout this paper the primal partition {Q ij } is quasi-regular; i.e., there exists a positive constant C 1 independent of h such that
,j are, respectively, the width and height of Q i,j . We now describe the present covolume method. Let u h = (u h , v h ) ∈ H h and p h ∈ L h be the approximate solution obtained as follows. Integrate the x-component of the first equation of (1.5) over the volume Q i+1/2,j to get
Integrate the y-component of the first equation of (1.5) over the (control) volume Q i,j+1/2 to get 
Temporarily, we shall assume all integrals are evaluated exactly. See the last section for final discretization of them using quadratures.
Equations (1.12)-(1.14) are quite intuitive from a physical point of view, but for the error analysis it is more convenient if we state them in terms of bilinear forms. Define the test space
v h piecewise constant on v-volumes , w · n = 0 on covolumes near the outflow boundary Γ + } which is used to pick out the control volumes. Here, n is a normal vector to Γ + . Furthermore, define the following bilinear forms:
where p 
where χ i+1/2,j and χ i,j+1/2 are the characteristic function of Q i+1/2,j and Q i,j+1/2 , respectively. Note that we used the same notation γ h in the component-wise definition and that γ h is one-to-one and onto.
1.3.
Relation to the mixed finite element discretization. The covolume method (1.12)-(1.14) is equivalent to the problem of finding
Here the substitution of γ h v h for a test function w h ∈ Y h is due to the surjectivity of the operator γ h . This simple observation turns the original Petrov-Galerkin statement into a standard Galerkin one.
We can reformulate (1.20) into a saddle-point problem by further introducing
and noting that B = −c (cf. Lemma 2.3) so that problem (1.20) becomes
It is interesting to note that based on the transfer operator γ h , the forms A and B are bilinear, and hence the above system is in standard form. Nevertheless, the standard (conforming in H(div; Ω) ) mixed method analysis cannot be used here. This is so because the original PDE cannot be put into the same form: the transfer operator γ h in the definition of the bilinear form A cannot be extended to the space H(div; Ω). However, upon closer examination we see that the standard mixed method (1.10) for the convection-dominated problem (1.5) differs from the mixed covolume method (1.21) only in the bilinear form A. Thus we can treat the covolume method as one resulting from a "variational crime" of the standard mixed method. A careful analysis of the transfer operator γ h in connection to this deviation then leads to our error estimate in Theorem 3.1 which demonstrates the one-half order error estimate in the flux variable, as well as in the concentration variable, under the minimal regularity assumption that u ∈ H 1 (Ω) 2 and p ∈ H 1 (Ω). The starting point of the proof is a good error equation (3.10) that plays the role of Cea's lemma in the standard finite element analysis. This methodology was initiated in Chou [7] for the generalized Stokes problem on triangular grids, in Chou and Kwak [8, 9] for the same problem on rectangular grids, and in Chou and Li [12] for the "point-centered" or vertex-centered schemes for the variable-coefficient Poisson equation. The diffusion problem (i.e., b = 0 and α = 0 in (1.5)) was treated in Chou and Kwak [10] 
Summary of results in the remaining part of the paper.
We summarize now the results of the present paper. In section 2, we study the properties of our discretization scheme. In particular, we show that the saddle-point formulation (1.20) is uniquely solvable for sufficiently small h. The constraint on h is determined by the local Lipschitz constants of the coefficient matrix K. In section 3 we modify the analysis from Liu, Wang, and Yan [20] in the present context to derive our main error estimates. Finally, in section 4 we present extensive numerical experiments that illustrate the error behavior of our discrete solutions. We comment that for the particular case of diagonal diffusion coefficient K, the saddle-point problem can be reduced (implicitly) to a problem only for the concentration variable p h , which can be solved by a preconditioned iterative method. In fact, due to the upwinding, the reduced problem can be well approximated by an M -matrix, for which good approximate ILU factorization preconditioners are available. Details are found in the last section.
Properties of the saddle point formulation.
In this section we prove some preliminary lemmas. Let || · || j , j = 0, 1 denote the usual L 2 and H 1 norms, respectively, and we also use || · || for the L 2 norm when there is no confusion. The symbol C will be used as a generic positive constant independent of h and the 1 of (1.3), and may have different values at different places.
The following two lemmas are slightly more general than the original ones in Liu, Wang, and Yan [20] . To clearly indicate the influence of the boundary conditions we include our proof. Also, the two lemmas below hold in a general setting (2-D and 3-D rectangular or triangular elements; in 3-D, edges should be accordingly replaced by faces of volumes). That is why we have purposely rotated the elements in Figure 2 .1.
We adopt now the following notation; for each edge e of a primal volume Q we assign a unit normal vector n e . Then, given the pair (e, n e ) with e an interior edge, one can uniquely define the neighboring primal volumes Q + e and Q − e with the common edge e so that n e points towards Q + e , see, e.g., Figure 2 .1. A vector n (without subscript) will be considered "outward" to a underlying domain (or volume). (p, q) ; see (1.19) . The idea is to rewrite the corresponding sums over the edges E. For a given interior edge e and a pre-assigned unit normal vector n e , one has two neighboring primal volumes Q + e and Q − e that contribute in the rearranged sum. Also, Q + e will contribute with the vector n ≡ −n e and Q − e will contribute with the vector n = n e . Hence, denoting by E 0 the set of interior edges, one gets 
where
The next lemma can be proved by direct evaluation [13] . Lemma 2.3. The following holds:
Now by Lemma 2.3 problem (1.20) becomes
The fact that γ h is a bounded self-adjoint operator with respect to the L 2 inner product can be found in [13] .
Lemma 2.4. The following relations hold:
There also exists a positive constant C independent of h such that
We next show that A(w h , w h ) is coercive for sufficiently small h. Lemma 2.5. There exists a constant h 0 such that for all h ≤ h 0
where the constant C is independent of h and 1 .
Proof. 
Using the linearity of u h in x and constant in y, we can easily derive by direct computation that
while by Lipschitz continuity of τ 1 and the Simpson's rule that
Thus we have
and so
for h sufficiently small. Now note that the bilinear form a of (1.16) is also well defined over H h × H h . With this in mind we state the following approximation property of γ h , whose simple proof can be found in [10] or directly verified.
There exists a constant C independent of h and 1 such that 
where we have used the symmetry and boundedness of γ h . Also, we used the fact that the coefficient K −1 is locally Lipschitz. Now the second term on the right side of the last equation can be bounded by C −1 1 h u 1 w h 0 using (2.13) and boundedness of I − γ h , and the third term can be bounded using (2.11) and the fact that
This completes the proof.
We next show that our covolume method (1.21) has a unique solution. Lemma 2.7. For h sufficiently small, there is a unique (u h , p h ) ∈ H h × L h for the system:
Proof. Define the bilinear form on H h × L h :

A(z h , s; w h , t) := A(z h , w h ) + B(w h , s) − B(z h , t) + d h (s, t).
Obviously the above system is equivalent to 
provided that u ∈ H 1 and p ∈ H 1 . Proof. We will use, as a bridge of error analysis, the mixed method (1.10). Find
This system has the following known convergence result (unscaled version of Eq. 5.3 in [20] ):
(Note that the proof of this estimate depends on Lemma 2.2, which we have proved even for the mixed boundary condition case not covered by [20] .)
On the other hand, our covolume method is equivalent to the problem of finding
where 
Hence by (3.8) and (3.4) we have ( u h , γ h w h ) − a( u h , w h ) . (3.9) Since the total error e h = (u − u h ) + ( u h − u h ), by the triangle inequality it suffices to estimate u h − u h . Now set w h = e h := u h − u h and q h = τ h := p h − p h in the above equation to get the error equation
where we have used the boundedness of γ h − I, (2.12) in deriving (3.12), and (3.6) in deriving (3.13). Applying (2.14) to the left side of (3.10), we get from (3.13) that
Invoking (1.4) and Lemma 2.5 completes the estimate for e h . As for the estimate for p − p h , it suffices to estimate τ h =p h − p h due to the triangle inequality and (3.6). From (3.14), we have
Now applying the just-obtained upper bound of ||ẽ h || 0 completes the proof.
Numerical results.
In this section we use quadratures to obtain the final discretization equations and show some numerical results to demonstrate the error behavior of the studied mixed covolume method. We shall deviate from the notation of the previous sections slightly for the convenience of reporting numerical results. We consider in this section the error behavior of the following problem:
The exact solution chosen is p = x(1 − x)y(1 − y) and Dirichlet boundary conditions are imposed. The coefficients of the operator are
2 , c 0 = 1, and b = (b 1 , b 2 ), where 
The concentration variable p corresponded to piecewise constants on the same rectangular elements.
In general, to evaluate the integrals
, we used the midpoint quadrature formula in y-direction and the trapezoidal rule in x-direction. This led, for example, for the first integral above, to the following expression:
Note that the definition of Q i+1/2,j at the boundary needs to be modified and we take either the left half or the right half, depending on the location of the boundary. One of the pressures in (1.12) is taken from the boundary value. We remark that the above quadrature formula actually symmetrizes the bilinear form a(u h , v h ), for u h ∈ H h , v h ∈ Y h ; namely, the resulting matrix A is symmetric. Also, we note that A is block-diagonal (diagonal blocks A i , i = 1, 2, corresponding to the variables u 1 and u 2 , respectively) and each block A i is block-diagonal itself, with tridiagonal (band) matrices if the unknowns corresponding to u 1 are ordered linewise along the x-direction (each horizontal line giving rise to a block) and the unknowns corresponding to u 2 are ordered linewise along y-directions (with blocks being the unknowns grouped on a given vertical line).
The edge integrals involving b · n are computed exactly, which is simple for our particular choice of the field b.
After the discretization one ends up with the following linear system of equations to be solved,
with the saddle-point-like stiffness matrix:
We use the fact that A has simple structure, block-diagonal with blocks being tridiagonal matrices (assuming the linewise ordering explained as above), to effectively compute the inverse actions of A. That is, one can eliminate the unknown U = U 1 U 2 and solve the reduced system, We do not compute the reduced Schur matrix S ≡ C + BA −1 B T explicitly, but rather take advantage of the fact that the actions of S on vectors are inexpensively available through solutions of tridiagonal problems to get the inverse action of A. To solve the reduced problem, we used a generalized conjugate gradient least squares method (GCG-LS) as derived in Axelsson [1] (a mathematically-equivalent-to-the-GMRES method, see Saad [24] ) with block-ILU preconditioning. The preconditioned matrix M was obtained from C +A 0 , where A 0 was a simple five-point finite difference approximation of the term −∇ · K∇(.) on the given cell-centered grid.
We use the block partition of A 0 + C, using as blocks the unknowns within each strip of width h x along the vertical direction. Let 
. . , D n ] being banded matrices was well-defined and turned out to be very effective preconditioners. For the construction of such blockfactorization preconditioners we refer to Concus, Golub, and Meurant [14] when D i are tridiagonal matrices, and for general banded blocks D i , to Axelsson and Polman [3] ; see also, Vassilevski [25] for some particular constructions of approximate band inverses to band matrices that are required in the block-ILU methods. Other block-ILU type preconditioners (not necessarily only for M -matrices) are found in Chan and Vassilevski [6] .
The stopping criterion in the GCG-LS method was
where v 2 = v T v; r 0 stands for the initial residual and r stands for the current one.
The initial iterate was chosen as
rhs U1 rhs U2 was the right-hand side of the reduced problem (4.5).
We show in Tables 4.1-4.14, in addition to the error behavior of the covolume discretization method, also and the number of iterations, where
was an average reduction factor. More specifically, denote Tables  4.1 , i.e., a discrete L 2 -norm of the error u 2 − u h, 2 ; (iv) the number of iterations of the preconditioned GCG-LS method; (v) the average reduction factors , (4.6); (vi) the total number of unknowns (for both U and P). It is noticeable that the order h 1 2 of the error estimate proven in the present paper is attained for small = 10 −6 ; see, for example, Tables 4.12 and 4.14. It turns out that our experiments suggest first order approximation of the concentration variable for all values of we have tested. The fast convergence of the preconditioned GCGDownloaded 08/05/14 to 129.1.62.221. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php LS method for small is explained due to the fact that, in that case, the reduced matrix S C is almost triangular and because our block-ILU factorization matrix turned out to be very accurate in that case. This also agrees with the experience of the performance of block-ILU methods in the case of streamline diffusion finite element discretization of convection-diffusion problems reported in Axelsson, Polman, Eijkhout, and Vassilevski [2] . See also, Lazarov, Mishev, and Vassilevski [19] and Iliev, Makarov, and Vassilevski [18] for finite difference or finite volume discretizations, as well as in the least-squares mixed finite element discretization of convection-diffusion problems; cf., Carey, Pehlivanov, and Vassilevski [5] . We finally remark that the preconditioners used in the present paper are not the main issue; rather, they are tools to solve the resulting systems.
